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We have examined the monogamous nature of the Dicke-class of states, the N-qubit pure sym-
metric states with two distinct spinors. The Majorana representation of all SLOCC inequivalent
families of states belonging to Dicke-class is made use of, to evaluate the concurrence tangle and
negativity tangle. In each SLOCC family, the Dicke states–characterized by two orthogonal spinors,
are found to have larger tangle compared to their companion states with two non-orthogonal spinors
belonging to the same family. For any fixed N , it is shown that the states with equal distribution
of the two spinors have larger tangle when compared to other inequivalent classes with different de-
generacy configurations. This is quite in conformity with the fact that the pairwise entanglement of
symmetric multiqubit states with two distinct spinors is maximum when there is equal distribution
of two spinors.
PACS numbers: 03.65.Ud, 03.67.Bg
I. INTRODUCTION
Quantum entanglement is an important resource for several quantum information processing tasks which are im-
possible in information processing using classically correlated states. One among the distinct properties of quantum
entanglement that separates it from classical correlations, is its restricted shareability. While classical correllations
are infinitely shareable, there is a limitation on the manner in which quantum entanglement is distributed among
its subsystems. This unique feature of quantum entanglement is termed ‘monogamy of entanglement’ [1] and has
evoked a lot of interest [1–52] owing to its applicability in quantum communication tasks such as secure quantum
key distribution and reliable quantum teleportation. Quantifying three-party entanglement or residual entanglement,
which is not accounted for by the pairwise entanglement, is another important issue which can be addressed using
monogamous nature of composite quantum states. The monogamy inequality in terms of squared concurrence,
C2A:BC ≥ C2AB + C2AC (1)
proposed by Coffman, Kundu and Wootters (CKW) [1] for 3-qubit pure states, has been later established by Osborne
and Verstraete [2] for multiqubit pure states. While the non-zero quantity C2A:BC − (C2AB + C2AC), the so-called
three-tangle or concurrence-tangle is a measure of residual entanglement in 3 qubit pure states, the corresponding
measure for N -qubit states is given by
τN = C
2
A1:A2A3A4...AN −
(
C2A1A2 + C
2
A1A3 + C
2
A1A4 + · · ·+ C2A1AN
)
(2)
Monogamy inequality in terms of different measures of entanglement such as squared negativity of partial trans-
pose [53–55] and square of entanglement of formation [56, 57] are proposed in Refs. [9] and [33]. It was also shown
that different measures of entanglement give rise to different quantifications of residual entanglement. While it is shown
that W-class of states have vanishing concurrence-tangle [1], they are shown to have non-zero negativity tangle [9, 39].
It thus becomes important to choose a suitable measure of entanglement for quantifying residual entanglement and
evaluating the tangle.
In this work, we examine the nature of monogamy inequality satisfied by N -qubit pure symmetric states belonging
to the Dicke class and evaluate the concurrence- and negativity tangles. Here the set of all N -qubit symmetric states
(invariant under the interchange of qubits) with only two distinct qubits (spinors) characterizing them is defined
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2as the Dicke-class of states, as all Dicke states belong to this family. While the W-class of states, the symmetric
multiqubit states with one of the spinors repeating only once in all possible permutations contained in the state, have
vanishing concurrence tangle [39], the states with all other degeneracy configurations (SLOCC inequivalent families)
are shown to have non-zero concurrence tangle. It is also shown that for all inequivalent families of states of Dicke
class, the negativity tangle is greater than concurrence tangle. We have made use of the Majorana representation of
symmetric multi-qubit states[58–61] to obtain a simplified form for the Dicke class of states which helped a great deal
in evaluating both the tangles.
The article is divided into four parts. Section 1 contains introductory remarks. In Section 2, we make use of the
Majorana representation of N qubit pure symmetric states to obtain a simplified form of the states belonging to the
Dicke class. Section 3 gives the details of evaluation of two-qubit and single-qubit marginals of the Dicke class of
states. In Section 4, the concurrence- and negativity tangles of the Dicke-class of states belonging to inequivalent
classes are evaluated. Along with the plots showing the variation of concurrence and negativity tangles, a discussion
on the nature of variation is given in Section 4. Section 5 provides a concise summary of the results.
II. MAJORANA REPRESENTATION OF PURE SYMMETRIC N-QUBIT STATES
In order to examine the nature of monogamy inequality satisfied byN -qubit pure symmetric states of the Dicke-class,
we make use of the very elegant Majorana representation [58] of pure symmetric states. While several advantages of
using the Majorana representation has been reported in the literature [59–61], we illustrate here its use in identifying
the monogamous nature of multiqubit symmetric states.
In the Majorana representation [58], a pure symmetric state ofN qubits is represented as a symmetrized combination
of N constituent spinors |ǫl〉 as
|Ψsym〉 = N
∑
P
Pˆ {|ǫ1, ǫ2, . . . ǫN 〉}, (3)
where
|ǫl〉 = (cos(αl/2) |0〉+ sin(αl/2) |1〉) eiγl/2, l = 0, 1, 2, . . . , N. (4)
Here Pˆ corresponds to the set of all N ! permutations of the spinors (qubits) and N corresponds to an overall
normalization factor.
An N qubit pure symmetric state containing r(< N) distinct spinors |ǫi〉 (i = 1, 2, . . . r), each repeating ni
times, belongs to the class {Dn1, n2, ... nr} and each degeneracy configuration {n1, n2, . . . nr} (with the numbers ni
being arranged in the descending order) corresponds to a distinct SLOCC class [59–61]. The number of SLOCC
inequivalent classes possible for states with r distinct spinors is given by the partition function p(N, r) that gives
the distinct possible ways in which the number N can be partitioned into r numbers ni (i = 1, 2, . . . r) such that∑r
i=1 ni = N [59–61]. For instance, a 3-qubit state with only one distinct spinor belongs to the class {D3} while
the 3-qubit state with two distinct spinors belongs to the class {D2,1}. {D1,1,1} is the class of 3-qubit states with
three distinct spinors. The classes {D3}, {D2,1} and {D1,1,1} are SLOCC inequivalent and a state belonging to
one of these classes cannot be converted into the other (different from itself) by any local operations and classical
communications [59–61]. While the class {D3} contains only separable states, {D2,1} is the W-class of states and
{D1,1,1} corresponds to the GHZ-class of states thus supporting the fact that three qubit pure states can be entangled
in two inequivalent ways[62].
An arbitrary symmetric state belonging to the family {DN−k,k} is given by [59–61],
|DN−k,k〉 = N
∑
P
Pˆ {| ǫ1, ǫ1, . . . , ǫ1︸ ︷︷ ︸
N−k
; ǫ2, ǫ2, . . . , ǫ2︸ ︷︷ ︸
k
〉}
and it can be reduced to a canonical form, characterized by only one real parameter [27, 61], with the help of identical
local unitary transformations on individual qubits. More specifically, symmetric pure states |DN−k,k〉 belonging to the
family {DN−k}, are equivalent (under local unitary transformations) to the canonical state of the following form [27]
.|DN−k,k〉 ≡
k∑
r=0
β(k)r
∣∣∣∣N2 , N2 − r
〉
, (5)
β(k)r = N
√
N !(N − r)!
r!
ak−r br
(N − k)!(k − r)!
3where 0 ≤ a, b = √1− a2 ≤ 1 are real parameters.
In the next section we evaluate the two-qubit and single qubit marginals of the state |DN−k,k〉 for different values
of k = 1, 2, . . ., N so that their residual entanglement quantified in terms of concurrence- and negativity tangles can
be evaluated.
III. EVALUATION OF TWO-QUBIT AND SINGLE QUBIT MARGINALS OF THE STATE |DN−k,k〉
The two-qubit density matrix ρ(k) corresponding to any random pair of qubits in the state |DN−k, k〉 ∈ {DN−k,k}
are given by,
ρ(k) = TrN−2 (|DN−k, k〉〈DN−k, k|)
= TrN−2


k∑
r,r′=0
β(k)r β
(k)
r′
∑
m2,m′2
[
c(r)m2 c
(r′)
m′
2
∣∣∣∣N2 − 1, N2 − r −m2
〉
〈
N
2
− 1, N
2
− r′ −m′2
∣∣∣∣⊗ |1,m2〉〈1,m′2|
]}
=
∑
m2,m′2=1,0,−1
ρ
(k)
m2,m′2
|1,m2〉〈1,m′2|, (6)
where
ρ
(k)
m2,m′2
=
k∑
r,r′=0
β(k)r β
(k)
r′ c
(r)
m2 c
(r′)
m′
2


(N/2)−1∑
m1=(−N/2)+1
〈
N
2
− 1,m1
∣∣∣∣ N2 − 1, N2 − r −m2
〉
〈
N
2
− 1, N
2
− r′ −m′2
∣∣∣∣ N2 − 1,m1
〉}
(7)
The associated Clebsch-Gordan coefficients c
(r)
m2 = C
(
N
2 − 1, 1, N2 ;m−m2, m2,m
)
, m = N2 − r, m2 = 1, 0, −1
are given explicitly by [63]
c
(r)
1 =
√
(N − r)(N − r − 1)
N(N − 1) , c
(r)
−1 =
√
r (r − 1)
N(N − 1) ,
c
(r)
0 =
√
2r (N − r)
N(N − 1) (8)
By expressing ρ(k) in the standard two-qubit basis {|0A, 0B〉, |0A, 1B〉, |1A, 0B〉, |1A, 1B〉}, (using the relations be-
tween angular momentum basis |1,m2 = ±1, 0〉 and the local qubit basis i.e., |1, 1〉 = |0A, 0B〉, |1, 0〉 = (|0A, 1B〉 +
|1A, 0B〉)/
√
2, |1,−1〉 = |1A, 1B〉), one obtains the following simplified form [64, 65] for the symmetric two-qubit
reduced density matrix:
ρ
(k)
2 =


A(k) B(k) B(k) C(k)
B(k) D(k) D(k) E(k)
B(k) D(k) D(k) E(k)
C(k) E(k) E(k) F (k)

 . (9)
The elements A(k), B(k), C(k), D(k), E(k) and F (k) are real and are explicitly given by-
A(k) =
k∑
r=0
(
βkr
)2 (
c
(r)
1
)2
, B(k) =
1√
2
k−1∑
r=0
β(k)r β
(k)
r+1 c
(r)
1 c
(r+1)
0
C(k) =
k−2∑
r=0
β(k)r β
(k)
r+2 c
(r)
1 c
(r+2)
−1 , D
(k) =
1
2
k∑
r=1
(
β(k)r
)2 (
c
(r)
0
)2
(10)
E(k) =
1√
2
k−1∑
r=0
β(k)r β
(k)
r+1 c
(r)
0 c
(r+1)
−1 , F
(k) =
k∑
r=0
(
β(k)r
)2 (
c
(r)
−1
)2
(11)
4The single-qubit marginal ρ
(k)
1 of the permutation symmetric state |DN−k, k〉 can now be obtained on tracing over
one of the qubits in the two-qubit marginal ρ
(k)
2 . It is readily seen that
ρ
(k)
1 =
(
A(k) +D(k) B(k) + E(k)
B(k) + E(k) D(k) + F (k)
)
(12)
IV. CONCURRENCE TANGLE AND NEGATIVITY TANGLE OF THE DICKE CLASS OF STATES
Having obtained the form of two-qubit and single qubit marginals of the states |DN−k,k〉, we will use them to
evaluate the concurrence- and negativity tangle of states belonging to each SLOCC inequivalent class. We carry out
this task in the following.
A. Concurrence-tangle:
It can be readily seen that there are N − 1 identical two-qubit marginals ρrs for any symmetric N -qubit state with
any one of the qubits say rth qubit (r 6= s) treated as focus qubit. Thus, for the state |DN−k,k〉, ρrs = ρ(k)2 (See Eq.
(9)). With the single qubit marginal of the state |DN−k,k〉 being ρ(k)1 (See Eq. (12)), the monogamy inequality in
terms of squared concurrence [1] given by
C21:23...N ≥ C212 + C213 + C214 + · · ·+ C21N (13)
becomes
C2k1 ≥ (N − 1)C2k2 . (14)
Here, Ck1 , Ck2 denote the concurrences [56, 57] of the single qubit marginal ρ
(k)
1 and two-qubit marginal ρ
(k)
2 respec-
tively. The concurrence tangle [1] of the state |DN−k,k〉 thus becomes
τ
(k)
N = C
2
k1 − (N − 1)C2k2 . (15)
The concurrence [56, 57] Ck2 of the two-qubit state ρ
(k)
2 is given by Ck2 = max
(
0,
√
λ1 −
√
λ2 −
√
λ3 −
√
λ4
)
where
λi, i = 1, 2, 3, 4 are the eigenvalues of the matrix ρ
(k)
2 ρ
′(k)
2 with ρ
′(k)
2 = (σy ⊗ σy)ρ∗2(k)(σy ⊗ σy) being the spin-flipped
density matrix [56, 57]. |DN−k,k〉 being a pure state, the concurrence Ck1 of its single qubit marginal ρ(k)1 is shown
to be [56, 57] Ck1 = 2
√
det(ρ
(k)
1 ). Thus, with the knowledge of ρ
(k)
2 , ρ
(k)
1 given in Eqs.(9), (12) one can evaluate
concurrence tangle τ
(k)
N (See Eq. (15)) of the state |DN−k,k〉 for any N and k.
We have explicitly evaluated the concurrence-tangle τ
(k)
N for k = 1, 2, 3, 4, 5 as a function of N and the parameter
a in the state |DN−k,k〉 (See Eq. (5)). In Fig. 1 to Fig. 4, the variation of concurrence tangle τ (k)N with the parameter
a for the Dicke-class of states {DN−k,k} is explicitly shown.
From Figs. 1 to 4, one can draw the following conclusions on the variation of concurrence tangle for Dicke-class of
states .
1. The Dicke states |N2 , N2 −k〉 k = 1, 2, · · · N with two orthogonal spinors |0〉, |1〉, have larger concurrence-tangle
compared to their companion states with non-orthogonal spinors. When the parameter a = 0, the states in
{DN−k,k} correspond to Dicke states |N2 , N2 −k〉 for all values of k, i.e., for all SLOCC families in the Dicke class
of states. When 0 < a < 1, the states in |N2 , N2 −k〉 are N -qubit states with two non-orthogonal spinors. Figs. 1
to 4 readily illustrate that the concurrence tangle τ
(k)
N is maximum when the parameter a = 0 and monotonically
decreases when a (0 < a < 1) increases. For the separable states corresponding a = 1, the concurrence tangle
vanishes, as expected.
2. The concurrence tangle for the states in {DN−k,k} increases with k (k = 0, 1, 2, · · · , N) for the whole range of
parameter a. In particular, the state |DN−k,k〉 with k =
[
N
2
]
, with equal distribution of two spinors, possess
larger residual entanglement when compared to the states in SLOCC inequivalent families of the Dicke-class.
3. In each plot, the reduction in residual entanglement with the number of qubits is readily seen, as should be the
case for any multiqubit state.
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FIG. 1: The plot of concurrence tangle τ
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N , versus the parameter a for the Dicke class of states {DN−2,2}
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FIG. 2: The plot of concurrence tangle τ
(3)
N , versus the parameter a for the Dicke class of states {DN−3,3}
B. Negativity tangle:
Having obtained the two-qubit reduced density matrices of the symmetric state |DN−k,k〉 we can readily evaluate
their negativity of partial transpose[53–55]. The partially transposed density matrix of the two-qubit marginal ρ
(k)
2
(See Eq. (9)) is obtained as
(ρ
(k)
2 )
T
=


A(k) B(k) B(k) D(k)
B(k) D(k) C(k) E(k)
B(k) C(k) D(k) E(k)
D(k) E(k) E(k) F (k)

 , (16)
The negativity of partial transpose is given by (||(ρ(k)2 )
T || − 1)/2 where (||(ρ(k)2 )
T || is the tracenorm of the partially
transposed density matrix (ρ
(k)
2 )
T
and it is the sum of the square-root of eigenvalues of the positive-definite matrix(
(ρ
(k)
2 )
T
)†
(ρ
(k)
2 )
T
. As the negativity for a two-qubit system varies from 0 to 0.5, we choose to take Nk2 to be [9]
Nk2 = ||(ρ(k)2 )
T || − 1 (17)
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FIG. 3: The plot of concurrence tangle τ
(4)
N , versus the parameter a for the Dicke class of states {DN−4,4}
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FIG. 4: The plot of concurrence tangle τ
(5)
N , versus the parameter a for the Dicke class of states {DN−5,5}
so that it varies from 0 to 1, quite similar to the variation of concurrence. In fact, this is the convention adopted for
negativity in Ref. [9] while obtaining the negativity tangle for three-qubit pure states.
In Ref. [9] it was shown that the negativity between the focus qubit and the remaining qubits of a pure state
matches with their concurrence. Thus, we have
Nk1 = Ck1 = 2
√
det ρ
(k)
1 . (18)
The monogamy inequality in terms of squared negativity [9] for the symmetric N -qubit states of the Dicke-class
{DN−k,k} being
N2k1 ≥ (N − 1)N2k2 , (19)
their negativity tangle is given by
ξ
(k)
N = N
2
k1 − (N − 1)N2k2 . (20)
We have noticed that the negativity tangle ξ
(k)
N shows the same variation as that of τ
(k)
N for different values of k
(k = 2, 3, 4, 5), N as seen in Figs. 1 to 4, but ξ
(k)
N ≥ τ (k)N for all values of a. Fig. 5 to Fig. 8 illustrate this feature.
In fact, for k = 1, i.e., for |DN−1,1〉, the so-called W-class of states, concurrence tangle τ (1)N = 0 whereas negativity
tangle ξ
(1)
N is non-zero for all values of N ≥ 3 [39]. This feature is seen in Fig. 9.
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V. CONCLUSION
In this article, we have analyzed the monogamous nature of N -qubit pure states with two distinct Majorana
spinors, the so-called Dicke-class of states, using squared concurrence and squared negativity as measures of bipartite
entanglement. Using the simplified form of the states belonging to the Dicke-class, obtained using the Majorana
representation of N -qubit symmetric pure states, we have evaluated the concurrence-tangle and negativity-tangle
of SLOCC inequivalent families of Dicke-class of states. It is seen that the residual entanglement (evaluated using
concurrence and negativity tangles) have larger values for the Dicke-class of states with equal distribution of the
two spinors, when compared to other SLOCC inequivalent families of the Dicke class. The Dicke states, the states
with two orthogonal spinors, in every SLOCC inequivalent family of the Dicke class are seen to have larger tangles
when compared to the states with two non-orthogonal spinors, in the same family. A schematic illustration of the
the reduction in residual entanglement with increase in the number of qubits is given. In addition to illustrating the
use of Majorana representation of symmetric multiqubit states, this work accomplishes the task of quantifification
of tripartite or residual entanglement in all inequivalent families of the Dicke-class of states. Owing to the immense
use of multiqubit states possessing monogamous nature in quantum communication tasks, a detailed analysis of this
important property in a large class of states including Dicke states, is a significant contribution to the field of quantum
information.
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